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a b s t r a c t
Let k be a finite field and consider the finite dimensional path algebra kQ where Q is a
quiver of tame type, i.e. of type A˜n (non-cyclic), D˜n, E˜6, E˜7, E˜8. On one hand we describe
the Ringel–Hall product [I][P]where I is an indecomposable preinjective of defect 1 and P
an indecomposable preprojective of defect −1. We generalize in this way a formula by
Hubery in [7]. On the other hand we determine the products [R][P] (and dually [I][R])
for P an indecomposable preprojective of defect −1 and R a regular module from a
homogeneous tube or a regular quasi-semisimple module from a non-homogeneous tube.
Some applications are also shown.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let k be a finite field with q elements and consider the path algebra kQ where Q is a quiver of tame type, i.e. of type
A˜n, D˜n, E˜6, E˜7, E˜8. When Q is of type A˜n we exclude the cyclic orientation. So kQ is a finite dimensional tame hereditary
algebra where the category of finite dimensional (and hence finite) right modules is denoted by mod-kQ . Let [M] be the
isomorphism class ofM ∈ mod-kQ and αM = |Aut(M)|. The category mod-kQ can and will be identified with the category
rep-kQ of the finite dimensional k-representations of the quiver Q = (Q0 = {1, 2, . . . , n},Q1). Here Q0 = {1, 2, . . . , n}
denotes the set of vertices of the quiver and Q1 denotes the set of arrows. For an arrow α we denote by s(α) the starting
point of the arrow and by e(α) its endpoint. Recall that a k-representation of Q is defined as a set of finite dimensional
k-spaces {Vi|i = 1, n} corresponding to the vertices, together with k-linear maps Vα : Vs(α) → Ve(α) corresponding to
the arrows. The dimension of a module M = (Vi, Vα) ∈ mod-kQ = rep-kQ is then dimM = (dimk Vi)i=1,n ∈ Zn. For
a = (ai), b = (bi) ∈ Zn we say that a ≤ b iff bi − ai ≥ 0 ∀i.
Let P(i) and I(i) be the indecomposable projective and injective module corresponding to the vertex i and consider the
Cartan matrix CQ with the jth column being dim P(j). We have a bilinear form on Zn defined as ⟨a, b⟩ = aC−tQ bt . Then for
two modules X, Y ∈ mod-kQ we get
⟨dim X, dim Y ⟩ = dimk Hom(X, Y )− dimk Ext1(X, Y ).
We denote by q the quadratic form defined by q(a) = ⟨a, a⟩. Then q is positive semi-definite with radical Zδ, that is
{a ∈ Zn|q(a) = 0} = Zδ. Here δ is known for each type A˜n, D˜n, E˜6, E˜7, E˜8 (see [4]). A vector a ∈ Nn is called a positive real root
of q if q(a) = 1. It is known (see [4]) that for all positive real roots a there is a unique (up to isomorphism) indecomposable
module M ∈ mod-kQ with dimM = a. The rest of the indecomposables are of dimension tδ where t is a positive integer.
The defect of a moduleM is ∂M = ⟨δ, dimM⟩ = −⟨dimM, δ⟩. For a short exact sequence 0→ X → Y → Z → 0 we have
that ∂Y = ∂X + ∂Z .
Consider the Auslander–Reiten translates τ = D Ext1(−, kQ ) and τ−1 = Ext1(D(kQ ),−), where D = Homk(−, k). We
then have the following functorial isomorphisms (called Auslander–Reiten formulas): Ext1(X, Y ) ∼= DHom(τ−1Y , X) ∼=
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DHom(Y , τX). An indecomposable module M is preprojective (preinjective) if there exists a positive integer m such that
τm(M) = 0 (τ−m(M) = 0). Otherwise M is said to be regular. Note that the dimension vectors of indecomposable
preprojectives and preinjectives are positive real roots of q. A module is preprojective (preinjective, regular) if every
indecomposable component is preprojective (preinjective, regular). Observe that an indecomposable module M is
preprojective (preinjective, regular) iff ∂M < 0 (∂M > 0, ∂M = 0). Moreover if Q is of type A˜n then ∂M = −1 for M
indecomposable preprojective and ∂M = 1 forM indecomposable preinjective.
We consider now the rational Ringel–Hall algebra H(kQ ) of the algebra kQ . Its Q-basis is formed by the isomorphism
classes [M] from mod-kQ . The multiplication is defined by
[N1][N2] =

[M]
FMN1N2 [M].
The structure constants FMN1N2 = |{M ⊇ U| U ∼= N2, M/U ∼= N1}| are called Ringel–Hall numbers. It is well known that
Ringel–Hall algebras play an important role in linking representation theory with the theory of quantum groups. They also
appear in cluster theory. This iswhy it is important to understand the structure of these algebras and as a crucial step towards
this direction, to derive formulas for Ringel–Hall numbers.
We present explicit formulas for three types of Ringel–Hall products.
In [7] Hubery describes a formula for the Ringel–Hall product [I][P]where I is an injective simple of defect 1 and P is the
indecomposable preprojective with dim P = nδ − dim I . We generalize this formula for I an indecomposable preinjective
of defect 1 and P an indecomposable preprojective of defect −1. As an application we deduce a generalization of Lemma
17 from [8]: let X be a regular module, I an indecomposable preinjective of defect 1 with dim I > nδ and P an indecomposable
preprojective of defect−1. Then FXIP = FXI ′P ′ where I ′, P ′ are the indecomposables with dim I − dim I ′ = nδ = dim P ′ − dim P .
Our second formula deals with the Ringel–Hall product [R][P] where R is a regular module with indecomposable
components from the same homogeneous tube and P is an indecomposable preprojective of defect −1. Dually we have
a formula for [I][R] where I is an indecomposable preinjective of defect 1. As an application we handle the particular cases
when R is quasi-semisimple or indecomposable.
The third formula describes the Ringel–Hall product [R][P] where R is a regular quasi-semisimple taken from a non-
homogeneous tube and P is an indecomposable preprojective of defect−1. Dually one can get a formula for [I][R] where I
is an indecomposable preinjective of defect 1.
2. Facts on tame hereditary algebras and associated Ringel–Hall algebras
For a detailed description of the forthcoming notions we refer the reader to [2–4,11] and [15].
Let k be a finite field with q elements and consider the path algebra kQ where Q is a quiver of tame type.
The Auslander–Reiten quiver of kQ has as vertices the isomorphism classes of indecomposables and arrows
corresponding to so called irreducible maps. It will have a preprojective component (with all the isoclasses of
indecomposable preprojectives), a preinjective component (with all the isoclasses of indecomposable preinjectives). All the
other components (containing the isoclasses of indecomposable regulars) are ‘‘tubes’’ of the form ZA∞/m, where m is the
rank of the tube. The tubes are indexed by the points of the scheme P1k , the degree of a point x ∈ P1k being denoted by deg x.
A tube of rank 1 is called homogeneous; otherwise it is called non-homogeneous. We have at most three non-homogeneous
tubes indexed by points x of degree deg x = 1. All the other tubes are homogeneous. Notice that the number of points x ∈ P1k
of degree 1 is q+ 1 and there are N(q, l) = 1l

d|l µ(
l
d )q
d points of degree l ≥ 2. Here µ is the Möbius function and N(q, l)
is the number of monic irreducible polynomials of degree l over a field with q elements (see [15]).
Indecomposables from different tubes have no nonzero homomorphisms and no non-trivial extensions. Note that all
regular modules form an extension-closed abelian subcategory of mod-kQ , the simple objects in this subcategory being
called quasi-simple modules. Any indecomposable regular module is regular uniserial and hence is uniquely determined by
its quasi-socle and quasi-length, and also by its quasi-top and quasi-length.
In the case of a homogeneous tube Tx we have a single quasi-simple regular denoted by Rx[1]with dim Rx[1] = (deg x)δ,
which lies on the ‘‘mouth’’ of the tube. Here Rx[t]will denote the indecomposable regular with quasi-socle Rx[1] and quasi-
length t . In the case of a non-homogeneous tube Tx of rank m, on the mouth of the tube we have m quasi-simples denoted
by Rix[1] i = 1,m. We have τRix[1] = Ri−1x [1] for i ≥ 2, τR1x [1] = Rmx [1] and
m
i=1 dim Rix[1] = δ. Here Rix[t] will denote the
indecomposable regular with quasi-socle Rix[1] and quasi-length t .
The following lemma is well known.
Lemma 2.1. (a) For P preprojective, I preinjective, and R a regular module we have Hom(R, P) = Hom(I, P) = Hom(I, R) =
Ext1(P, R) = Ext1(P, I) = Ext1(R, I) = 0.
(b) If x ≠ x′ and Rx (respectively Rx′ ) is a regular with components from the tube Tx (respectively Tx′ ), then Hom(Rx, Rx′) =
Ext1(Rx, Rx′) = 0.
(c) For Tx homogeneous and Rx[t], Rx[t ′] indecomposables from Tx we have dimk Hom(Rx[t], Rx[t ′]) = dimk Ext1(Rx[t], Rx[t ′])
= min(t, t ′) deg x. Also αRx[t] = qt deg x − q(t−1) deg x.
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(d) For Tx non-homogeneous of rank m and Rix[t] an indecomposable from Tx such that lm < t ≤ (l + 1)m we have
dimk End(Rix[t]) = l+ 1. Also αRix[t] = ql+1 − ql.
(e) For Tx non-homogeneous of rank m and Rix[t] an indecomposable from Tx such that lm ≤ t < (l + 1)m we have
dimk Ext1(Rix[t], Rix[t]) = l.
(f) For P indecomposable preprojective and I indecomposable preinjective modules we have End(P) ∼= k, End(I) ∼= k,
αP = αI = q− 1 and Ext1(P, P) = Ext1(I, I) = 0.
(g) For P indecomposable preprojective of defect−1 and Rx[t] a homogeneous regular, dimk Hom(P, Rx[t]) =
⟨dim P, t deg xδ⟩ = t deg x.
(h) Let M = c1M1⊕· · ·⊕ctMt such that Mi are pairwise nonisomorphic indecomposable modules. Then αM = qmαc1M1 . . . αctMt
where m =i≠j cicj dimk Hom(Mi,Mj).
(i) Let M = cN with N indecomposable and End(N) = k′ a field. Then αM = |GLc(k′)| = 1≤i≤c(dc − di−1), where
d = |k′| = q[k′:k].
We also have (see [14] or [13])
Lemma 2.2. Let P be an indecomposable preprojective with defect ∂P = −1, P ′ a preprojective module and R a regular module.
Then we have:
(a) Every nonzero morphism f : P → P ′ is a monomorphism.
(b) For every nonzero morphism f : P → R, either f is a monomorphism or Im f is regular. In particular if R is quasi-simple and
Im f is regular then f is an epimorphism.
Dually:
Lemma 2.3. Let I be an indecomposable preinjective with defect ∂ I = 1, I ′ a preinjective module and R a regular module. Then
we have:
(a) Every nonzero morphism f : I ′ → I is an epimorphism.
(b) For every nonzero morphism f : R → I , either f is an epimorphism or Im f is regular. In particular if R is quasi-simple and
Im f is regular then f is a monomorphism.
It is important to notice the following:
Lemma 2.4. Let P be an indecomposable preprojective with defect ∂P = −1.
(a) If Tx is a homogeneous tube then dimk Hom(P, Rx[1]) = deg x ≠ 0.
(b) If Tx is a non-homogeneous tube of rank m then there is a unique i0 ∈ {1, . . . ,m} such that dimk Hom(P, Ri0x [1]) = 1 ≠ 0
and dimk Hom(P, Rix[1]) = 0 for i ≠ i0.
Proof. (a) Wehave Ext1(P, Rx[1]) = 0 (see Lemma2.1) so dimk Hom(P, Rx[1]) = ⟨dim P, dim Rx[1]⟩ = ⟨dim P, (deg x)δ⟩ =
(deg x)(−∂P) = deg x ≠ 0.
(b) Wehave
m
i=1 dim Rix[1] = δ andExt1(P, Rix[1]) = 0 sowehave
m
i=1 dimk Hom(P, Rix[1]) =
m
i=1⟨dim P, dim Rix[1]⟩ =
⟨dim P,mi=1 dim Rix[1]⟩ = ⟨dim P, δ⟩ = −∂P = 1. It follows that ∃!i0 such that Hom(P, Ri0x [1]) ≠ 0. 
Remark 2.5. With the previous notation let RPx [1] = Rx[1] for Tx homogeneous and RPx [1] = Ri0x [1] for Tx non-homogeneous.
We have then dimk Hom(P, RPx [1]) = deg x.
Dually we have:
Lemma 2.6. Let I be an indecomposable preinjective with defect ∂ I = 1.
(a) If Tx is a homogeneous tube then dimk Hom(Rx[1], I) = deg x ≠ 0.
(b) If Tx is a non-homogeneous tube of rank m then there is a unique j0 ∈ {1, . . . ,m} such that dimk Hom(Rj0x [1]), I) = 1 ≠ 0
and dimk Hom(Rix[1], I) = 0 for i ≠ j0.
Remark 2.7. With the previous notation let RIx[1] = Rx[1] for Tx homogeneous and RIx[1] = Rj0x [1] for Tx non-homogeneous.
We have then dimk Hom(RIx[1], I) = deg x.
We now turn our attention to Ringel–Hall numbers. We will need the following formulas of Riedtmann ([10]) and
Green ([5]).
Theorem 2.8 (Riedtmann’s formula). If Ext1(N1,N2)M denotes the set of all classes in Ext1(N1,N2) representing an exact
sequence with middle term M and εMN1N2 = | Ext1(N1,N2)M |, then FMN1N2 = αMαN1αN2 |Hom(N1,N2)|ε
M
N1N2
. It follows that for P
preprojective, I preinjective, and R a regular module we have [P][R][I] = [P ⊕ R⊕ I].
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Theorem 2.9 (Green’s formula). We have for N1,N2,N ′1,N
′
2 ∈ mod-kQ
αN1αN2αN ′1αN ′2

[M]
FMN1N2F
M
N ′1N ′2
α−1M =

[R],[S],[S′],[T ]
| Ext1(R, T )|
|Hom(R, T )|F
N1
RS F
N ′1
RS′F
N2
S′T F
N ′2
ST αRαSαS′αT .
We will also need the following theorem proved by the author in [13].
Theorem 2.10. Let P  P ′ be indecomposable preprojectives with defect −1. If Hom(P, P ′) = 0 then F P ′XP = 0 for every X. If
Hom(P, P ′) ≠ 0 then F P ′XP = 1 for X satisfying the conditions:
(i) X is a regular module with dim X = dim P ′ − dim P,
(ii) if X has an indecomposable component from a tube Tx, then the quasi-top of this component is the quasi-simple regular RP
′
x [1],
(iii) the indecomposable components of X are taken from pairwise different tubes.
Otherwise F P
′
XP = 0.
We end this section with the following remark.
Remark 2.11. Let X = [M] cM [M] be an element in the Ringel–Hall algebra H(kQ ) and consider the Auslander–Reiten
translates τ and τ−1. As in [14] we define the Auslander–Reiten transformations τX := [M] cM [τM] and τ−1X :=
[M] cM [τ−1M]. By [14] the following hold for the Ringel–Hall products:
(a) if bothM and N have no projective direct summands, then
τ([M][N]) = [τM][τN];
(b) if bothM and N have no injective direct summands, then
τ−1([M][N]) = [τ−1M][τ−1N].
We also know that for P an indecomposable preprojective module there exists a nonnegative integerm such that τmP is
indecomposable projective.
Using the results above, one can see that the computation of the Ringel–Hall products [I][P] and [R][P] considered in the
paper can be essentially reduced to that in the case where P is an indecomposable projective module.
3. The first formula
As we stated in the introduction, in [7] Hubery describes a formula for the Ringel–Hall product [I][P] where I is an
injective simple of defect 1 and P is the indecomposable preprojective with dim P = nδ−dim I . We generalize this formula
for I an indecomposable preinjective of defect 1 and P an indecomposable preprojective of defect−1. The structure of our
proof follows the structure of the proof given by Hubery in [7].
We start with a sequence of lemmas.
Lemma 3.1. Let I be an indecomposable preinjective of defect 1, P an indecomposable preprojective of defect−1 and X  P ⊕ I .
If FXIP ≠ 0 then X satisfies the following conditions:
(i) X is a regular module with dim X = dim I + dim P,
(ii) if X has an indecomposable component from a tube Tx, then the quasi-top of this component is the quasi-simple regular RPx [1],
(ii)′ if X has an indecomposable component from a tube Tx, then the quasi-socle of this component is the quasi-simple regular
RIx[1],
(iii) the indecomposable components of X are taken from pairwise different tubes.
Proof. We will check the conditions (i), (ii), (ii)′, (iii).
Condition (i). Since FXIP ≠ 0, we have a short exact sequence 0 → P
f→ X g→ I → 0. Then dim X = dim I + dim P and
∂X = ∂P + ∂ I = 0. Suppose X = P ′ ⊕ R⊕ I ′ (where P ′, R and I ′ are preprojective, preinjective and regular modules). Note
that pP ′ f : P → P ′ must be nonzero so it is a monomorphism (see Lemma 2.2) which means that dim P ≤ dim P ′. In the
same way fqI ′ : I ′ → I must be nonzero so it is an epimorphism (see Lemma 2.3) which means that dim I ≤ dim I ′. But
dim P + dim I = dim P ′+ dim R+ dim I ′ which implies R = 0 and pP ′ f , fqI ′ are isomorphisms, so X ∼= P ⊕ I a contradiction.
This means that X is regular.
Condition (ii). Let Rx be an indecomposable component of X taken from the tube Tx. Denote by topRx its quasi-top which
must be quasi-simple. Then from the short exact sequence 0→ P → X → I → 0 we obtain the exact sequence
0→ Hom(I, topRx)→ Hom(X, topRx)→ Hom(P, topRx).
Since Hom(I, topRx) = 0, if Hom(P, topRx) = 0, then Hom(X, topRx) = 0, which is a contradiction. So Hom(P, topRx) ≠ 0
which means that topRx = RPx [1].
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Condition (ii)′. Let Rx be an indecomposable component of X taken from the tube Tx. Denote by socRx its quasi-socle
which must be quasi-simple. Then from the short exact sequence 0→ P → X → I → 0 we obtain the exact sequence
0→ Hom(socRx, P)→ Hom(socRx, X)→ Hom(socRx, I).
Since Hom(socRx, P) = 0, if Hom(socRx, I) = 0, then Hom(socRx, X) = 0, which is a contradiction. So Hom(socRx, I) ≠ 0
which means that socRx = RIx[1].
Condition (iii). SupposeX = X ′⊕R1⊕· · ·⊕Rl where R1, . . . , Rl are indecomposables taken from the same tubeTx. Then by
Condition (ii) they have the same quasi-top RPx [1] and we have the monomorphism 0→ Hom(X, RPx [1])→ Hom(P, RPx [1]).
This because Hom(I, RPx [1]) = 0. It follows that dimk Hom(X, RPx [1]) ≤ dimk Hom(P, RPx [1]) = deg x, so
dimk Hom(X, RPx [1]) = dimk Hom(X ′, RPx [1])+
l
i=1
dimk Hom(Ri, RPx [1]) ≤ deg x.
But dimk Hom(Ri, RPx [1]) = deg x for Tx homogeneous and dimk Hom(Ri, RPx [1]) ≥ 1 = deg x for Tx non-homogeneous, so
we get that l = 1. 
The converse of the lemma above is:
Lemma 3.2. Let I be an indecomposable preinjective of defect 1 and P an indecomposable preprojective of defect −1. Suppose
that X is a module satisfying conditions (i), (ii), (iii) from the previous lemma. Then FXIP ≠ 0.
Proof. Let X = Rx1⊕· · ·⊕Rxn where Rxi is an indecomposable from the tube Txi , xi are pairwise different and topRxi = RPxi [1].
Moreover dim X = dim I + dim P .
We have a short exact sequence 0 → R′xi
u
↩→ Rxi → RPxi [1] → 0 which induces the exact sequence 0 → Hom(P, R′xi)→
Hom(P, Rxi)→ Hom(P, RPxi [1])→ 0. Since dimk Hom(P, RPxi [1]) = deg xi, Hom(P, u) is not an isomorphism. It follows that
there is fi nonzero in Hom(P, Rxi) such that ∀gi ∈ Hom(P, R′xi) we have ugi ≠ fi. So fi does not factor through any proper
regular submodule of Rxi .
Note that if dim P < dim Rxi , then fi is a monomorphism. Indeed, suppose that fi is not a monomorphism. Then by
Lemma 2.2(b) Im fi is regular; but Im fi ⊂ Rxi , so fi would factor through Im fi, which is a contradiction.
If dim P ≮ dim Rxi , then again by Lemma 2.2(b) Im fi is regular and fi factors through Im fi. So Im fi = Rxi which means
that fi is an epimorphism and in this way dim P > dim Rxi .
Now consider the morphism f = (fi) : P → Rx1 ⊕ · · · ⊕ Rxn . If one fi is a monomorphism, then f is trivially a
monomorphism. If all fi are epimorphisms and f is not a monomorphism, then by Lemma 2.2(b) Im f ⊆ Rx1 ⊕ · · · ⊕ Rxn
is regular, so Im f = R′x1 ⊕ · · · ⊕ R′xn with R′xi ⊆ Rxi . But fi = pif is an epimorphism, so R′xi = Rxi which means that f is an
epimorphism, contradicting condition (i). We conclude that f is a monomorphism.
By Lemma 2.1 and looking at the defects, Coker f is either an indecomposable preinjective or the direct sum of an
indecomposable preinjective and a regular module with components from the tubes Txi . We show that this second case
is impossible. Indeed suppose without loss of generality that Coker f = X ⊕ R′′x1 where R′′x1 is an indecomposable from the
tube Tx1 . So we have the exact sequence
0→ P
f=

f1
...
fn

−→ Rx1 ⊕ · · · ⊕ Rxn

g1 . . . gn
h1 . . . hn

−→ X ⊕ R′′x1 → 0.
Note that h2 = 0, . . . , hn = 0 so h1 : Rx1 → R′′x1 is an epimorphism and h1f1 = 0. It follows that 0 ≠ Im f1 ⊆ Ker h1 and
Ker h1 is a proper regular submodule of Rx1 . So f1 factors through a proper regular submodule of Rx1 , which is a contradiction.
We conclude that Coker f is an indecomposable preinjective and since dim Coker f = dim I we have that Coker f ∼= I . 
The following two lemmas are taken from [7].
Lemma 3.3 ([7]). Let k be a field and R a k-algebra. For R-modules M and N, the subgroup k∗ of R acts freely on Ext1R(M,N)−{0}.
Lemma 3.4 ([7]). For t0 a nonnegative integer we have that
(tx)x∈P1k
tx∈Z,tx≥0
x tx(deg x)=t0
1 = q
t0+1 − 1
q− 1 .
Lemma 3.5. Let I be an indecomposable preinjective of defect 1 and P an indecomposable preprojective of defect−1. Suppose that
Ext1(I, P) ≠ 0 and the points yi ∈ P1k , i = 1, s (s = 0, 1, 2, 3) are indexing the non-homogeneous tubes (in the case s = 0 we
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have only homogeneous tubes). Then dim I+ dim P = t0δ+si=1 σ 0i where either σ 0i = 0, or else 0 < σ 0i < δ is the dimension
of an indecomposable regular from the non-homogeneous tube Tyi with quasi-top R
P
yi [1]. In this case dimk Ext1(I, P) = t0+ 1, so
t0 is unique.
Proof. Since Ext1(I, P) ≠ 0 by Lemma 3.1 we have an exact sequence 0 → P → X → I → 0 with X satisfying conditions
(i), (ii), (iii). It follows that dim I+ dim P = dim X = tδ+si=1 σi where either σi = 0, or else 0 < σi is the dimension of an
indecomposable regularRi from thenon-homogeneous tubeTyi withquasi-topR
P
yi [1]. Supposeσi = tiδ+σ 0i with0 ≤ σ 0i < δ
and 0 ≤ ti. If ti ≠ 0 then there is a unique indecomposable regular Rti of dimension tiδ from the non-homogeneous tube Tyi
which embeds into Ri. The factor will be of dimension σ 0i with top R
P
yi [1] (if σ 0i ≠ 0). Let t0 = t +
s
i=1 ti.
We show that dimk Ext1(I, P) = t0 + 1. Suppose first that we do not have non-homogeneous tubes, so we are in the
Kronecker case (see [15]). In this case δ = (1, 1), dim I + dim P = t0δ and then dimk Ext1(I, P) = t0 + 1 (see for
example [12] Lemma 2.1). Consider now the case where we do have non-homogeneous tubes, so s ≥ 1 and suppose
t0δ + σ 01 ≠ 0. Then there is a unique indecomposable regular R1 ∈ Ty1 of dimension t0δ + σ 01 and top RPy1 [1]. Consider
the sets S = {i|i = 1, s and σ 0i ≠ 0} and S′ = {i ∈ S|i ≥ 2}. Note that S and S′ might be empty. Also for each i ∈ S′ there is
a unique indecomposable regular Ri ∈ Tyi of dimension σ 0i and top RPyi [1]. Let R = R1 ⊕

i∈S′ Ri. It follows from Lemma 3.2
that FRIP ≠ 0, so we have a short exact sequence 0→ P → R → I → 0, which induces the exact sequence
0→ Hom(I, P)→ Hom(R, P)→ End(P)→ Ext1(I, P)→ Ext1(R, P)→ Ext1(P, P).
We deduce by using Lemma 2.1 that
dimk Ext1(I, P) = 1+ dimk Ext1(R, P) = 1− ⟨dim R, dim P⟩ = 1− ⟨t0δ +

i∈S
σ 0i , dim P⟩
= 1+ t0 − ⟨

i∈S
σ 0i , dim P⟩,
so we need to prove that for i ∈ S we have ⟨σ 0i , dim P⟩ = 0. Indeed ifm is the rank of the tube Tyi then
1 = −⟨δ, dim P⟩ = −
m
l=1
⟨dim Rlyi [1], dim P⟩ =
m
l=1
dimk Ext1(Rlyi [1], P),
so there is a unique l0 ∈ {1, . . . ,m} with dimk Ext1(Rl0yi [1], P) ≠ 0. Using the Auslander–Reiten formulas we can see
that dimk Ext1(R
l0
yi [1], P) = dimk Hom(P, τRl0yi [1]), so Rl0yi [1] = τ−1RPyi [1]. In this way if 1 ≤ u < m is the quasi-length
corresponding to σ 0i , then
⟨σ 0i , dim P⟩ = ⟨dim τ u−1RPyi [1] + · · · + dim RPyi [1], dim P⟩
= − dimk Ext1(τ u−1RPyi [1], P)− · · · − dimk Ext1(RPyi [1], P) = 0. 
Now we are ready to prove our first formula.
Theorem 3.6. Let I be an indecomposable preinjective of defect 1 and P an indecomposable preprojective of defect−1.
(a) If Ext1(I, P) = 0 then [I][P] = qdimk Hom(P,I)[P ⊕ I] = q⟨dim P,dim I⟩[P ⊕ I].
(b) If Ext1(I, P) ≠ 0 then [I][P] = qdimk Hom(P,I)[P ⊕ I] + 1q−1

[X] αX [X] where the (nonempty) sum is taken over all modules
X satisfying the conditions (i), (ii) and (iii) from Lemma 3.1 and αX = |Aut(X)|.
Proof. (a) It follows immediately from Riedtmann’s formula. Indeed F P⊕IIP = αP⊕IαIαP |Hom(I,P)|εP⊕IIP =
αP⊕I
αIαP
= qdimk Hom(P,I).
(b) In this case Ext1(I, P) ≠ 0. By Riedtmann’s formula F P⊕IIP = qdimk Hom(P,I) (see a)). Using the notation from Lemma 3.5,
dim I+dim P = t0δ+si=1 σ 0i where either σ 0i = 0, or else 0 < σ 0i < δ is the dimension of an indecomposable regular
from the non-homogeneous tube Tyi with quasi-top R
P
yi [1]. We also have dimk Ext1(I, P) = t0 + 1. A regular module X
satisfying conditions (i), (ii) and (iii) from Lemma 3.1 will be said to be of good type. By Lemma 3.1, 3.2 and 3.3 we have
that
| Ext1(I, P)| = εP⊕IIP +

[X]
X of good type
εXIP ,
so
qt0+1 − 1 =

[X]
X of good type
εXIP
where the terms in the last sum are at least q− 1.
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Now we will count the number of nonisomorphic regulars of good type. For Tx a homogeneous tube and t ≥ 1, denote
by Rx(t) the regular Rx[t] of quasi-length t and let Rx(0) = 0. For Tyi (i = 1, s) a non-homogeneous tube and t ≠ 0 denote
by Ryi(t) the unique indecomposable from Tyi of dimension tδ + σ 0i with top RPyi [1]. For t = 0 and σ 0i ≠ 0 let Ryi(0) be the
unique indecomposable from Tyi of dimension σ
0
i with top R
P
yi [1]. For t = 0 and σ 0i = 0 let Ryi(0) = 0. Then
(∗)

(tx)x∈P1k
tx∈Z,tx≥0
x tx(deg x)=t0
Rx(tx)
are nonisomorphic regulars of good type, so by Lemma 3.4 we have at least q
t0+1−1
q−1 of them. It follows that
qt0+1 − 1 =

[X]
X of good type
εXIP ,
the number of terms in the sum (which are≥ q− 1) being at least qt0+1−1q−1 . So the regulars of good type are exactly those of
the form (*) and for a regular X of good type, εXIP = q− 1. Finally applying Riedtmann’s formula we get for X of good type
FXIP =
αX
αIαP |Hom(I, P)|ε
X
IP =
αX
q− 1 . 
Remark 3.7. It follows from the previous theorem that for I an indecomposable preinjective of defect 1 and P an
indecomposable preprojective of defect−1 such that Ext1(I, P) ≠ 0, the decomposition from Lemma 3.5, dim I + dim P =
t0δ +si=1 σ 0i is unique, so t0 and also σ 0i are unique.
The previous theorem leads us to a generalization of Lemma 17 from [8].
Corollary 3.8. Let X be a regular module, I an indecomposable preinjective of defect 1with dim I > nδ and P an indecomposable
preprojective of defect−1. Then FXIP = FXI ′P ′ where I ′, P ′ are the indecomposables with dim I − dim I ′ = nδ = dim P ′ − dim P.
(Note that I ′, P ′ are uniquely determined, ∂ I ′ = 1 and ∂P ′ = −1.)
Proof. Note that X satisfies conditions (i), (ii), (iii) from Lemma 3.1 relatively to I and P iff it satisfies conditions (i), (ii),
(iii) relatively to I ′ and P ′. Indeed dim I + dim P = dim I ′ + dim P ′ and RPx [1] = RP ′x [1], because dimk Hom(P, Rx[1]) =⟨dim P, dim Rx[1]⟩ = ⟨dim P + nδ, dim Rx[1]⟩ = ⟨dim P ′, dim Rx[1]⟩ = dimk Hom(P ′, Rx[1]). Now the assertion follows
from the previous theorem. 
4. The second formula
Our second formula deals with the Ringel–Hall product [R][P] where R is a regular with indecomposable components
from the same homogeneous tube and P is an indecomposable preprojective of defect −1. Dually we have a formula for
[I][R]where I is an indecomposable preinjective of defect 1.
LetTx be a homogeneous tube and for a partitionλ = (λ1, . . . , λs) let |λ| = λ1+· · ·+λs andRx[λ] := Rx[λ1]⊕· · ·⊕Rx[λs].
If λ = (0), then Rx[λ] = 0. For two partitions λ,µwe write µ ⊆ λ if µi ≤ λi for all i ≥ 1. For µ ⊆ λwe say that λ− µ is a
horizontal t-strip if |λ− µ| := |λ| − |µ| = t and the sequences λ and µ are interlaced, in the sense that
λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ · · · .
We denote by gλµν the classical Hall polynomial (see [9]). It is known that g
λ
µν = gλνµ, gλµ(t) = 0 unless λ− µ is a horizontal
t-strip. Also there is an explicit formula for gλµ(t) where λ− µ is a horizontal t-strip (see [9] (4.3), (4.12), (4.13)).
Theorem 4.1. For an indecomposable preprojective P of defect−1 we have
[Rx[λ]][P] =

qdeg x|µ| · gλµ(|λ−µ|)(qdeg x) ·
αRx[|λ−µ|]αRx[µ]
αRx[λ]
[Pµ ⊕ Rx[µ]],
the summation going over all partitionsµ such that λ−µ is a horizontal strip. Here Pµ denotes the indecomposable preprojective
of dimension dim Pµ = dim P + deg x(|λ| − |µ|)δ.
Proof. Suppose that FXRx[λ]P ≠ 0, so we have a short exact sequence 0 → P → X
g→ Rx[λ] → 0. Note that we cannot have
preinjective components in X (since they would be direct summands in Ker g ∼= P), ∂X = −1, so due to Lemma 2.1(b) and
Lemma 2.2(a), X is of the form X = Pµ ⊕ Rx[µ]. Here µ is a partition with |µ| ≤ |λ|, since dim P ≤ dim Pµ.
If µ = (0), then by Theorem 2.10, λ = (t), so λ − µ is a horizontal t-strip and F PµRx[t]P = 1 = qdeg x|µ| · gλµ(|λ−µ|)(qdeg x) ·
αRx[|λ−µ|]αRx[µ]
αRx[λ]
.
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If µ ≠ (0), then we apply Green’s formula (Theorem 2.9) with choices N1 = Rx[λ], N2 = P , N ′1 = Pµ and N ′2 = Rx[µ].
Note that FMPµRx[µ] = 1 forM ∼= Pµ ⊕ Rx[µ] and otherwise it is 0 (see Theorem 2.8). So using Lemma 2.1 the left hand side of
Green’s formula becomes
(q− 1)
qdeg x|µ|
αRx[λ]F
Pµ⊕Rx[µ]
Rx[λ]P .
Looking at the right hand side of the formula if the product FRx[λ]RS F
Pµ
RS′F
P
S′T F
Rx[µ]
ST is nonzero, then by Lemma 2.1, S
′, T are
preprojective or 0. Note that S ′, T cannot both be preprojective since F PS′T is nonzero and ∂P = −1. Also if S ′ = 0, then
R = Pµ, so FRx[λ]PµS = 0. This means that we must have T = 0, so S ′ = P , S = Rx[µ] and using Theorem 2.10 it follows that
R = Rx[|λ− µ|]. So the right hand side of the formula becomes
(q− 1)αRx[|λ−µ|]αRx[µ]FRx[λ]Rx[|λ−µ|]Rx[µ]F
Pµ
Rx[|λ−µ|]P .
Note that Hom(P, Pµ) ≠ 0 because ⟨dim P, dim Pµ⟩ = ⟨dim P, dim P + deg x(|λ| − |µ|)δ⟩ = 1 + deg x(|λ| − |µ|) > 0. It
follows by Theorem 2.10 that F PµRx[|λ−µ|]P = 1. On the other hand FRx[λ]Rx[|λ−µ|]Rx[µ] = gλ(|λ−µ|)µ(qdeg x) = gλµ(|λ−µ|)(qdeg x), so it is 0
unless λ− µ is a horizontal strip. On setting the two sides of the Green’s formula equal, the assertion follows. 
Specializing our general formula to the cases λ = (1t) = (1, . . . , 1) (t-times) and λ = (t)we can describe the products
[tRx[1]][P] and [Rx[t]][P].
Corollary 4.2. We have
[tRx[1]][P] = qt deg x[P ⊕ tRx[1]] + [P(1t−1) ⊕ (t − 1)Rx[1]],
where P(1t−1) denotes the indecomposable preprojective of dimension dim P(1t−1) = dim P + deg xδ.
We also have
[Rx[t]][P] = qt deg x[P ⊕ Rx[t]] + [P(0)] +
t−1
i=1
(q(t−i) deg x − q(t−i−1) deg x)[P(t−i) ⊕ Rx[t − i]],
where P(0) denotes the indecomposable preprojective of dimension dim P(0) = dim P + t deg xδ and P(t−i) denotes the indecom-
posable preprojective of dimension dim P(t−i) = dim P + i deg xδ.
5. The third formula
The third formula describes the Ringel–Hall product [R][P] where R is a regular quasi-semisimple taken from a non-
homogeneous tube and P is an indecomposable preprojective of defect −1. Dually we have a formula for [I][R] where I is
an indecomposable preinjective of defect 1.
Consider the non-homogeneous tube Tx of rankm. Recall that we havem quasi-simples in Tx denoted by Rix[1] i = 1,m
such that τRix[1] = Ri−1x [1] for i ≥ 2, τR1x [1] = Rmx [1] and
m
i=1 dim Rix[1] = δ. Here Rix[t] will denote the indecomposable
regular from Tx with quasi-socle Rix[1] and quasi-length t . A module with indecomposable components that are quasi-
simples from Tx will be called quasi-semisimple from Tx. A regular module from the tube Tx (i.e. a module with all of its
indecomposable components from Tx) will be denoted by Rx. The isomorphism classes [Rx] of regulars from the tube Tx and
[0] form a Q-basis of a unital Q-subalgebra H(Tx) of H(kQ ), called the Ringel–Hall algebra of the tube Tx. We know the
following due to Guo (see [6]):
Proposition 5.1 ([6]). H(Tx) is generated by the isoclasses of quasi-semisimples from Tx.
This is why we describe the formula [Rsx][P]with Rsx a quasi-semisimple regular taken from Tx and P an indecomposable
preprojective of defect−1.
We need the following lemma.
Lemma 5.2. (a) Suppose that FR
s
x
R′xR′′x ≠ 0, where R′x, R′′x are regulars from Tx and Rsx is a quasi-semisimple from Tx. Then R′x and R′′x
must be quasi-semisimple.
(b) Suppose that F P
′
RsxP
≠ 0, where Rsx is a quasi-semisimple from Tx and P, P ′ are indecomposable preprojectives of defect −1.
Then Rsx = τ−1RPx [1] (so it is quasi-simple). Conversely for P an indecomposable preprojective of defect −1 there is a
unique indecomposable preprojective P ′ of dimension dim P ′ = dim P + dim τ−1RPx [1], up to isomorphism, and we have
F P
′
τ−1RPx [1] P = 1.
Proof. (a) Regular modules from Tx form an extension-closed abelian subcategory of mod-kQ , the simple objects in this
subcategory being the quasi-simple modules. It is known (see [1]) that this category is equivalent to the category of
modules of finite length over a specificm×mmatrix ring. So regular submodules and regular factor modules of a quasi-
semisimple module are again quasi-semisimple.
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(b) By Theorem 2.10, Rsx = RP ′x [1] and dim P ′ = dim P+dim Rsx. On the other hand dim P ′must be a positive real root of q, so
1 = q(dim P ′) = q(dim P)+⟨dim P, dim Rsx⟩+⟨dim Rsx, dim P⟩+q(dim Rsx) = 2+dimk Hom(P, Rsx)−dimk Ext1(Rsx, P).
It follows that Ext1(Rsx, P) ≠ 0, so using the same argument as at the end of the proof of Lemma 3.5 we have
Rsx = RP ′x [1] = τ−1RPx [1]. Conversely one can easily see as above that q(dim P + dim τ−1RPx [1]) = 1 so there is up
to isomorphism a unique indecomposable preprojective P ′ of dimension dim P ′ = dim P + dim τ−1RPx [1]. Note that
⟨dim P, dim P ′⟩ = q(dim P) + dimk Hom(P, τ−1RPx [1]) = 1 ≠ 0 so Hom(P, P ′) ≠ 0. Since ⟨dim P ′, dim τ−1RPx [1]⟩ =
1 ≠ 0 it follows that RP ′x [1] = τ−1RPx [1], so we are done using Theorem 2.10. 
Theorem 5.3. Let Rsx =
m
i=1 tiRix[1] be a quasi-semisimple from the tube Tx and P an indecomposable preprojective of defect
−1. Suppose that τ−1RPx [1] = Ri0x [1], so RPx [1] = Ri0−1x [1], and let t0 = tm. Then we have:
(a) If ti0 = 0 then
[Rsx][P] = qti0−1 [P ⊕ Rsx].
(b) If ti0 > 0 then
[Rsx][P] = qti0−1 [P ⊕ Rsx] + [P ′ ⊕ R′sx ],
where P ′ denotes the unique indecomposable preprojective of dimension dim P ′ = dim P + dim Ri0x [1], up to isomorphism, and
R′sx = t1R1x [1] ⊕ · · · ⊕ (ti0 − 1)Ri0x [1] ⊕ · · · ⊕ tmRmx [1].
Proof. Suppose that FXRsxP ≠ 0, so we have a short exact sequence 0 → P → X
g→ Rsx → 0. Note that we cannot have
preinjective components in X (since they would be direct summands in Ker g ∼= P), and ∂X = −1, so due to Lemma 2.1(b)
and Lemma 2.2(a), X is of the form X = P ′ ⊕ Rx. Here P ′ is an indecomposable preprojective of defect−1 and Rx is a regular
module from the tube Tx.
If Rx = 0, then by Lemma 5.2(b), Rsx = τ−1RPx [1], P ′ is the indecomposable preprojective of dimension dim P ′ =
dim P + dim τ−1RPx [1] and we have F P ′τ−1RPx [1] P = 1.
If Rx ≠ 0, then we apply Green’s formula (Theorem 2.9) with choices N1 = Rsx, N2 = P , N ′1 = P ′ and N ′2 = Rx. Note that
FMP ′Rx = 1 forM ∼= P ′⊕ Rx and otherwise it is 0 (see Theorem 2.8). So using Lemma 2.1, the left hand side of Green’s formula
becomes
(q− 1)
qdimk Hom(P ′,Rx)
αRsxF
P ′⊕Rx
RsxP
.
Looking at the right hand side of the formula, if the product FR
s
x
RS F
P ′
RS′F
P
S′T F
Rx
ST is nonzero, then by Lemma 2.1 S
′, T are
preprojective or 0. Note that S ′, T cannot both be preprojective since F PS′T is nonzero and ∂P = −1. Also if S ′ = 0, then
R = P ′, so FRsxP ′S = 0. This means that we must have T = 0, so S ′ = P , S = Rx. By Lemma 5.2 we can have R = 0 or
R = τ−1RPx [1] = Ri0x [1]. In the case R = 0 we have P ′ = P , Rsx = Rx, so the right hand side of the formula becomes
(q− 1)αRsx
and thus F P⊕R
s
x
RsxP
= qdimk Hom(P,Rsx) = qti0−1 (where t0 = tm). Next we consider the case R = Ri0x [1]. The right hand side of the
formula in this case is
(q− 1)α
R
i0
x [1]αRxF
Rsx
R
i0
x [1]Rx
F P
′
R
i0
x [1]P
.
Here P ′ is the indecomposable preprojective of dimension dim P ′ = dim P + dim Ri0x [1] and we have F P ′
R
i0
x [1]P
= 1. On the
other hand one can easily see that FR
s
x
R
i0
x [1]Rx
≠ 0 implies ti0 ≥ 1 and Rx = R′sx = t1R1x [1]⊕ · · ·⊕ (ti0 −1)Ri0x [1]⊕ · · ·⊕ tmRmx [1]
so FR
s
x
R
i0
x [1]R′sx
= qti0−1q−1 . On setting the two sides of Green’s formula equal and using our knowledge on the number of
automorphisms (see Lemma 2.1), we get F P
′⊕R′sx
RsxP
= 1. 
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